Poisson-Lie dualising the η deformation of the G/H symmetric space sigma model with respect to the simple Lie group G is conjectured to give an analytic continuation of the associated λ deformed model. In this paper we investigate when the η deformed model can be dualised with respect to a subgroup G 0 of G. Starting from the first-order action on the complexified group and integrating out the degrees of freedom associated to different subalgebras, we find it is possible to dualise when G 0 is associated to a sub-Dynkin diagram. Additional U 1 factors built from the remaining Cartan generators can also be included. The resulting construction unifies both the Poisson-Lie dual with respect to G and the complete abelian dual of the η deformation in a single framework, with the integrated algebras unimodular in both cases. We speculate that extending these results to the path integral formalism may provide an explanation for why the η deformed arXiv:1709.01448v2 [hep-th]
Introduction
Recent progress in understanding integrable deformations of the AdS 5 ×S 5 superstring, along with its various integrable cousins and bosonic truncations, has led to significant advances relating the underlying algebraic and geometric structures. Two of the most well-studied deformations are associated to q deformations of the isometry algebra psu 2,2|4 . These are the η deformation [1, 2] and the λ deformation [3] . The former is a deformation of the Green-Schwarz type IIB superstring [4] written as a sigma model on the supercoset [5] PSU 2,2|4 SO 1,4 × SO 5 ,
while the latter is a deformation of its non-abelian dual with respect to the full isometry group PSU 2,2|4 .
The η deformation of the AdS 5 × S 5 superstring [1, 2] generalises a certain integrable deformation of the principal chiral model [6, 7] and of the symmetric space sigma model [8] , often referred to as Yang-Baxter sigma models due to their explicit dependence on a non-split solution of the modified classical Yang-Baxter equation. The model depends on two parameters:
an overall coupling h, which plays the role of the effective string tension, and the deformation parameter η. After the deformation only the Cartan subalgebra of the original isometry algebra remains a symmetry. However, the other charges are not lost; rather they are hidden, satisfying the relations of the q deformed isometry algebra, where q ∈ R is a function of the string tension and η [9, 2, 10] .
From the deformed superstring sigma model one can determine the corresponding deformation of the maximally supersymmetric AdS 5 × S 5 type IIB supergravity background [9, 11] . The resulting set of fields do not satisfy the type IIB supergravity equations of motion. However, one can show that the maximal abelian dual is a supergravity solution with a dilaton that is linear in the dualised isometric coordinates [12, 13] . As a consequence the deformed background solves a set of generalised type IIB supergravity equations [14] , which are compatible with the κ symmetry of the worldsheet sigma model [15] . For further progress in ascertaining and relating the background fields of the generalised theory for η deformed models see, for example, [16] [17] [18] .
Various interpretations of these results and the consequences for Weyl invariance have been given in [12] [13] [14] [15] 18] , and, in the context of double field theory, in [19] . However, currently there is no final word on how to (or if it is even possible to) interpret the η deformation as a string theory.
The λ deformation of the non-abelian dual of the AdS 5 × S 5 superstring [3] generalises the bosonic models of [20] . This model also depends on two parameters: an overall level k of the underlying gauged Wess-Zumino-Witten action, playing the role of the effective string tension, and the parameter λ. In this case the corresponding deformed type IIB supergravity background does solve the supergravity equations of motion [21, 22, 17] . This can be understood as a consequence of the κ symmetry of the model, together with the lack of any Killing vectors admitted by the geometry [15] . However, it should be noted that there are conserved charges, which do not manifest as Killing vectors, that can be used to characterise the spectrum of the model [23] .
The hidden symmetry is again a q deformation, but now with |q| = 1, where q is a function of the level k [23] . Furthermore, the level k is quantised such that the deformation parameter q is a root of unity and hence discrete.
The η deformation is conjectured to be related by Poisson-Lie duality, a generalisation of non-abelian duality to sigma models with Poisson-Lie symmetry [24] , to an analytic continuation of the corresponding λ deformation [12] . A duality of this type was considered in [25] , which relates an η s deformation (the superscript denoting it is based on a split solution of the modified classical Yang-Baxter equation) to the corresponding λ deformation. In both cases the duality is with respect to the full symmetry group of the undeformed model. Hints of such a relation, in particular the need for analytic continuation, were first seen in the analysis of low-dimensional models in [26] .
Our eventual goal is to explore the deformations of the AdS 5 ×S 5 superstring. The associated symmetry algebra psu 2,2|4 does not admit split solutions of the modified classical Yang-Baxter equation, and hence we will focus on the duality between the η deformation and an analytic continuation of the corresponding λ deformation. The required analytic continuation of the λ deformation acts on both the fields and parameters of the model, and is such that |q| = 1 is mapped to q ∈ R: how k and λ are related to h and η is given in [12] . We will refer to this analytic continuation as the λ * deformation.
The claim of duality has been demonstrated for various low-dimensional examples in [12, 27] using results of [28] . Furthermore, starting from a certain first-order action on a Drinfel'd double [29, 30] , which generalises the duality-invariant action of [31] underlying abelian duality, it has been proven for the deformation of the principal chiral model [32] . In this paper we do not provide new evidence for this conjecture. We instead assume it to be true with the aim of further exploring the underlying structures.
Thus far we have discussed two alternative maps of the η deformation of AdS 5 × S 5 to a solution of type IIB supergravity: the complete abelian dual and the Poisson-Lie dual with respect to PSU 2,2|4 . This motivates a number of interesting questions. First, can we incorporate the two transformations in a unified framework? Second, is it possible to Poisson-Lie dualise with respect to subgroups of PSU 2,2|4 ? And third, what are the consequences for Weyl invariance? In this paper we focus on the first two of these three questions for the η deformation of the bosonic symmetric space sigma model. In sec. 4 we briefly comment on the extension to the superstring and speculate on the implications for Weyl invariance.
The symmetric space sigma model for the coset G/H is invariant under the action of the isometry group G. In particular, one can dualise with respect to any subgroup of G, including the Cartan subgroup U 1 rank G and G itself. These two dualities both survive the η deformation:
the first as the complete abelian dual and the second as the Poisson-Lie dual with respect to G, the λ * deformation. Our aim is to understand how these dualities fit into a single framework, and to investigate which other dualities also extend to the deformed model.
In order to answer these questions we work with the first-order action on a Drinfel'd double D [29, 30] and its generalisation to coset spaces [33, 34] . As a vector space, the Lie algebra of the
where g andg are two subalgebras, maximally isotropic with respect to a non-degenerate adinvariant inner product on d. Integrating out the degrees of freedom associated tog or g gives a second-order Poisson-Lie symmetric model onG\D ∼ G or G\D ∼G respectively. These are then said to be Poisson-Lie dual.
After reviewing this construction we turn our attention to alternative maximally isotropic decompositions of the same Drinfel'd double
wherek is a subalgebra of d with associated Lie groupK, but k need not be. In this case, the degrees of freedom associated tok can be integrated out to define a model onK\D [30, 6, 32] . We consider, in particular, Lie algebrask whose intersection with g defines a common subalgebra g 0 .
Then, given that the four spaces g,g, k andk admit the following decompositions 4) we say that the model onK\D is the Poisson-Lie dual of the model onG\D ∼ G with respect to G 0 . The requirement thatk forms a subalgebra places restrictions on the Lie groups G 0 with respect to which we can dualise.
The η deformation of the symmetric space sigma model can be formulated in the above framework, with the Drinfel'd double given by the complexified group D ≡ G C . The relevant maximally isotropic decomposition is then
where b is the Borel subalgebra generated by the Cartan generators and positive roots. The η deformed model is found by integrating out the degrees of freedom associated to b. We construct a class of subalgebras g 0 with respect to which we can dualise. This includes both the Poisson-Lie dual with respect to G as well as the complete abelian dual. We illustrate our results on a number of examples for S 2 and S 5 , both spaces of interest in the context of integrable superstring sigma models [35] . For recent progress towards classifying such models, in particular incorporating those without supersymmetry, see [36] .
The layout of this paper is as follows. We start in sec. 2 with a review of the model on the Drinfel'd double and the general formalism for constructing Poisson-Lie dual sigma models.
Then in sec. 3 we apply the formalism to the η deformation of the symmetric space sigma model.
We conclude with comments and open questions in sec. 4.
Poisson-Lie duality and the Drinfel'd double
Two sigma models are said to be Poisson-Lie dual if they are described by the same set of equations after appropriate non-local field and parameter redefinitions [24] . Quantities computed within the framework of one sigma model thus have an equivalent in the dual theory. Both abelian and non-abelian duality are special cases of Poisson-Lie duality. The underlying algebraic structure of Poisson-Lie duality is the Drinfel'd double. A Drinfel'd double is defined as a 2n-dimensional connected Lie group D such that its Lie algebra d can be decomposed into a pair of n-dimensional subalgebras g andg, maximally isotropic with respect to a non-degenerate adinvariant inner product ·, · on d. In this paper we will use "Drinfel'd double" to refer to both the group and its algebra. The two sigma models can be obtained from a first-order action on the Drinfel'd double by integrating out the dual degrees of freedom [29, 30, 6, 32] .
In this section, after introducing the actions for the two sigma models related by Poisson-Lie duality, we will investigate when it is possible to dualise with respect to a subgroup G 0 ⊂ G. In order to dualise it transpires that the corresponding Lie algebra, g 0 = Lie(G 0 ), should satisfy certain commutation relations within the Drinfel'd double. These restrictions have a natural algebraic interpretation: the new Poisson-Lie duals are associated to more general decompositions of the Drinfel'd double of the type d = k +k, wherek is a subalgebra, but k need not be.
Poisson-Lie dual sigma models
Let us begin by reviewing the construction of the Poisson-Lie symmetric sigma model and its dual [24] (see also [37] ). Our starting point is the two-dimensional non-linear sigma model with target-space metric and B-field
The light-cone coordinates (σ + , σ − ) are defined in terms of the usual two-dimensional Minkowski coordinates (τ, σ) as σ ± = (τ ±σ)/2, and we use the shorthand notation d 2 σ = dσ + dσ − = 1 2 dτ dσ. The scalar fields X I (τ, σ) parametrise an element g of the Lie group G, such that under the left action of G, they transform linearly,
A are the right-invariant frames. The Noetherian forms can be defined by considering the variation of the action with respect to this transformation
where
If the left action of G corresponds to an isometry of the target space, then the Lie derivative of the Lagrangian, L v A L, vanishes and K A are closed one-forms on-shell. We can relax the isometry condition and consider the case in which the currents obey the Maurer-Cartan equation [24] 
wheref AB C are the structure constants of some Lie algebrag. The sigma model exhibits a Poisson-Lie symmetry with respect to the coduality groupG. The background is said to have generalised isometries, and should satisfy
The dual sigma model leads to the same equation of motion, but with the roles of G andG interchanged. The Lie derivative acting on differential forms should obey
which, combined with (2.4), imposes the following compatibility requirement on the structure constants of the original and dual Lie algebras
This condition is manifestly dual in the sense that it is invariant under interchanging the roles of G andG. Furthermore, it is nothing other than the Jacobi identity on the Drinfel'd double d = g +g, turning the pair (g,g) into a Lie bialgebra. By definition the Drinfel'd double has an inner product with respect to which the decomposition d = g +g is maximally isotropic
In order to gain more insight into the structure of this Drinfel'd double let us work in a specific basis: we denote the generators of g (respectivelyg) by T A , A = 1, 2, . . . , dim G (respectivelỹ
With respect to this basis we assume the inner product (2.6) takes the form
Consequently, there is a canonical pairing between the generators of the original and dual Lie algebras. The commutation relations of the Drinfel'd double read
where the third commutation relation follows from the ad-invariance of the inner product (2.7) and is consistent with the Jacobi identity (2.5).
Before giving the actions of the Poisson-Lie dual sigma models we introduce some notation.
Let g (respectivelyg) be an arbitrary element of the Lie group G (respectivelyG), and define
(2.9)
The matrices a, b and Π obey 10) with similar relations holding forã,b andΠ. In the absence of spectator fields, the sigma model whose background satisfies (2.4) and its dual are then given by
Let us now analyse what happens if we attempt to dualise in a subgroup G 0 ⊂ G with the corresponding Lie algebra g 0 = Lie(G 0 ). The Lie algebra g can be decomposed as g = g 0 + m.
We denote the generators of g 0 by T a , a = 1, 2, . . . , dim G 0 , with the remaining generators of g forming a basis of m and labelled by a Greek index,
Starting from the sigma model on the Lie group G (2.11), which we write in the form 12) the currents associated to the left action of G obey the Maurer-Cartan equation
wheref BC A are the structure constants of the dual algebrag = Lie(G). This Lie algebra has the same dimensionality as g and hence, using the canonical pairing (2.7), it is also possible to split its generators intoT a andT α , defining bases ofg 0 andm respectively.
Restricting the equation of motion (2.13) to the subalgebra g 0 14) we see that in order to be able to dualise with respect to the subgroup G 0 , the dual algebrã g =g 0 +m should have the following structure
This in turn imposes conditions on the subgroups G 0 with respect to which we can Poisson-Lie dualise.
Before we proceed to investigate these conditions further, let us briefly comment on the relation to non-abelian duality. An action that is invariant under the left action of G is also invariant under the left action of any subgroup G 0 of G, and hence it is always possible to dualise.
Indeed, when the action of G is a symmetry, the structure constants of the dual algebrag vanish by definition and (2.15) is trivially satisfied for any choice of g 0 . In this case the associated Drinfel'd double is the semi-abelian double [24] . Thus, while it is possible to non-abelian dualise in any subgroup of G, this is not the case for the Poisson-Lie duality.
The ad-invariance of the inner product (2.7) imposes further structure on the commutation relations between g andg
It follows that the spacek = g 0 +m also forms an algebra. By constructionk is an isotropic subalgebra of d with respect to the inner product (2.6). The Drinfel'd double can then always be decomposed as d = k +k, where k denotes the complement ofk in d, such that we again have the isotropy of both spaces
It is important to note that k does not necessarily form an algebra.
To summarise, we have two maximally isotropic decompositions, (2.6) and (2.17), of the Drinfel'd double, d = g +g = k +k, where these spaces have the additional structure
The spaces g andg are Lie algebras by definition, while g 0 forms an algebra by assumption.
To be able to dualise the Poisson-Lie symmetric model on G with respect to the subgroup G 0 we require that (2.15) and (2.16) are satisfied, which in particular implies thatk also forms an algebra.
One approach to obtaining the backgrounds of the Poisson-Lie duals of (2.12) is to rewrite the original sigma model in terms of a field taking values in the subgroup G 0 together with spectator fields
In order to dualise, for example using the Poisson-Lie duality relations in the presence of spectators presented in [38] , the operator Q defined through P (0) = (Q + Π(g 0 )) −1 should be a function of the spectator fields x µ only. This is satisfied precisely when the dual algebrag has the structure (2.15).
First-order action on the Drinfel'd double and Poisson-Lie duality
In this section we will take an alternative path to finding the dual model and computing its background. We start from the first-order action on the Drinfel'd double [29, 30, 6, 32] 20) where the dynamical field l ∈ D and The field l ∈ D can be parametrised as l =kk, wherek ∈K = exp[k] and k ∈K\D. (Note that in this paper we will not be concerned with any global issues of such parametrisations.)
Using the fact thatk is a group-valued field, the action (2.20) simplifies to
Note that if k is a Lie algebra we have thatK\D ∼ K. In this case we can take k ∈ K and the second line of (2.22) vanishes.
Integrating outk. In addition to the basis {T A ,T A } of d = g +g, we introduce bases of k and k, denoted S A andS A respectively, such that the inner product (2.7) again has the form
In the spirit of sec. 2.1 we define the matrices 24) where, in contrast to (2.9), the new matrix c(k) appears as k is no longer assumed to form an algebra. Using the ad-invariance of the inner product (2.23), it is possible to show that Π(k) is antisymmetric, and reduces to the standard form when k forms an algebra and we take k ∈ K.
Indeed, in this case c(k) vanishes and the identity a(k −1 ) = a(k) −1 follows. We also introduce the projectors P k and Pk onto the spaces k andk respectively.
In order to integrate out the degrees of freedom contained ink, we need to specify the action of the bilinear form K. An arbitrary element x ∈ d can be uniquely decomposed as x = y + z where y ∈ k and z ∈k. Without loss of generality we may take
where G 0 and B 0 are the symmetric and antisymmetric parts of a general operator E 0 :k → k.
The prime symbol highlights that these operators act on the spacek. This is in contrast to E 0 , which we reserve for the corresponding operator acting ong. Taking
The operator Pk Ad
k Pk is invertible onk and hence we can solve fork −1 ∂ σk
This in turn allows us to write the following expression for y in terms of k and z
is the operator form of the matrix introduced in (2.24). Using these relations we can eliminatek in the action (2.22) in favour of k and z. The resulting action is quadratic in z, which can then be integrated out. Doing so, we find the following Lorentz-invariant action for the field k
antisymmetric operator under the inner product and thus, along with the Wess-Zumino term, only contributes to the B-field of the background. As k ∈K\D this action should be invariant under the gauge transformation k →kk wherek ∈K. This can be readily seen from the identities
, and the Polyakov-Wiegmann identity for the WessZumino term. Finally, let us note that if k forms an algebra and we take k ∈ K, then the action reduces to
due to the isotropy of k with respect to the inner product. As expected we recover an action that takes the form of the Poisson-Lie dual models (2.11) considered in sec. 2.1.
Wess-Zumino term. The topological term
is only defined up to a total derivative. To fix its contribution to the B-field uniquely we may assume that we can fix a gauge such that k =gg, whereg ∈G and g ∈ G. Using the Polyakov-Wiegmann identity we may write the Wess-Zumino term as the following twodimensional integral
Equations of motion. Defining the gauge invariant currents
varying the action (2.30) leads to the following equations of motion
E 0 operator. The operator E 0 acts on the spacek, and is related in a non-trivial way to its counterpart E 0 , reserved for the corresponding operator acting ong. Let us now present the precise relationship between E 0 and E 0 . The two pairs of dual bases {T,T } and {S,S} are related by an O n,n (R) transformation preserving the inner product (2.7), that is
Taking the quadratic form in the basis {T,T } to be given by
the quadratic form in the basis {S,S} becomes 39) corresponding to the non-linear transformation rule
Let us check the validity of this expression for certain special cases. For the Poisson-Lie duality presented in sec. 2.1, the first model is obtained by integrating out theG-valued field.
In this case, W = Z = 1 and X = Y = 0, and hence E 0 = E 0 , as expected. The dual sigma model on the other hand corresponds to the integrating out the G-valued field. In this second case, X = Y = 1 and W = Z = 0, and the relation E 0 = E −1 0 follows. This is nothing other than the relation between the Poisson-Lie dual models (2.11).
We introduced the spaces k andk to study Poisson-Lie dual models where we dualise with respect to a subgroup G 0 ⊂ G. Recalling the associated structure (2.18), along with the splitting of the generators for g andg as {T A } = {T a , T α } and {T
A } = {T a ,T α } respectively, it follows that the bases of k andk are given by {S A } = {T a , T α } and {S A } = {T a ,T α } respectively. It is therefore natural to introduce the additional block structure
For the case of interest, that is the Poisson-Lie dual with respect to G 0 , we therefore have
Substituting these expressions into the right-hand side of (2.40) and defining
we find
assuming that A is invertible.
Generalisation to coset spaces. We conclude this section with a discussion of how the above construction generalises to coset spaces [33, 28, 34] . Let us introduce a subgroup H ⊂ G and the corresponding Lie algebra h = Lie(H). Note that the dual spaceh identified by the canonical pairing (2.7) does not necessarily form an algebra. Moreover, in the most general case there is no basis of generators for g such that a subset generates g 0 and another subset generates h. Consequently, in addition to the two pairs of dual bases {T A ,T A } and {S A ,S A } introduced above, we also introduce a new basis of d = g +g denoted {U A ,Ũ A } such that a subset of {U A } generates the gauge group H. More explicitly,
where span{Uā} = h,ā = 1, . . . , dim H. The remaining generators are labelled by a Greek index
The operator E 0 :g → g written in the {U A ,Ũ A } basis can be written in block form and as → 0, under some mild assumptions outlined in [28] , the model develops a local gauge invariance. This gauge invariance also appears in the first-order action on the Drinfel'd double and hence we would expect this to also be the case for the various Poisson-Lie dual models.
Furthermore, this has been explicitly demonstrated for the Poisson-Lie dual with respect to G in [34] and the proof should go in a similar way for the more general Poisson-Lie duals considered here.
3 Application to the η and λ * deformations
In this section we explore the application of the methods of sec. 2 to the η deformation of the symmetric space sigma model for the coset G/H [8] . The action for this model can be written in the form (2.12) for a certain choice of the operator E 0 that preserves the integrability of the undeformed model.
The η and λ * deformed models
We begin by reviewing the construction of the η deformation of the symmetric space sigma model 
where a ij is the symmetrised Cartan matrix. We furthermore define the non-simple roots such that if e M and e N are two positive roots commuting to give a further positive root e P , then
This choice then allows us to normalise the non-vanishing components of the Killing form such
3)
The complex Lie algebra d can then be decomposed into two real subalgebras
where g is the compact real form generated by 5) and b, the coduality algebra, is the Borel subalgebra generated by
Here c ij and b ij are real constants such that the corresponding matrices c and b have nonvanishing determinant. If the latter are further constrained in terms of the former through the relation
then the ad-invariant inner product on the double
is normalised and maximally isotropic with respect to the decomposition (3.4)
Introducing the structure constants for g and b
we have
We further introduce the components of the Killing form for the compact real form g 12) and its inverse, κ AC κ CB = δ A B , with which we lower and raise indices. Let us recall that lowering the upper index of f AB C , the structure constants of the simple Lie algebra g, results in the completely antisymmetric tensor f ABC .
Finally let us note two useful relations for which we introduce the projectors P g and P b onto g and b respectively. If we parametrise
(3.13)
1 The final equalities in these relations follow from P b ad n θ = (P b ad θ ) n and Pg ad ñ θ = (Pg adθ) n , both of which can be proven by induction. Here we give the proof for the first, while a similar proof can be easily constructed for the second. The relation P b ad n θ = (P b ad θ ) n is clearly true for n = 1. While if we assume it to be true for
, and hence it is true for n = k. The final step follows as ad θ maps g to g.
Therefore when g andg are exponentials of algebra elements, which we will henceforth always assume to be the case, we have that
Drinfel'd-Jimbo R-matrix. The Drinfel'd-Jimbo R-matrix will play an important role in the construction of the η deformed models. This R-matrix is defined by its action on the Cartan generators and the positive and negative roots
where we have normalised such that the R-matrix satisfies the modified classical Yang-Baxter equation
We further define its action on the basis {T A }
where we note that (3.15) preserves the compact real form. Furthermore, one can see that the R-matrix is an antisymmetric operator with respect to the Killing form (3.12). That is
Finally, the structure constants of the Borel algebra b are related to those of g through the R-bracket
Symmetric space. To construct the η deformed symmetric space sigma model for the coset G/H we introduce the subgroup H with the corresponding Lie algebra h = Lie(H). As we have a symmetric space we can decompose g according to the underlying Z 2 automorphism
Furthermore, the Killing form (3.12) is orthogonal under this decomposition. Thus, recalling the bases {Uā} of h and {Uᾱ} of p introduced in sec. 2.2, we have
We can now use the Killing form of the Lie algebra g and its decomposition under the symmetric space structure to define a map from g → b
where and η are free parameters. In the following we will be interested in the limit → 0 and hence we define
Poisson-Lie symmetric model. An arbitrary element x ∈ d has a unique decomposition x = y + z, with y ∈ g and z ∈ b. Without loss of generality we may write the action of the bilinear form K on an element x ∈ d (defining the model on the double (2.20)) as we integrate out the degrees of freedom contained in b to find the following Lorentz-invariant action for g
where 2
The inverse of the symmetric operator G 0 is a map G
Therefore we may take G −1 0 = P as defined in (3.21) and rewrite the action (3.25) as
We would now like to consider the limit → 0 and demonstrate that if we take
where Gauge invariance. Under g → gh the left-invariant one-form transforms as
The non-covariant piece takes values in h and hence P (h −1 dh) = 0. Furthermore the symmetric space commutation relations (3.19) and the orthogonality of the Killing form (3.20) imply that
(3.30)
2 Inserting additional projectors in the first relation of (3.14) we find
where we understand (P b Adg P b ) and (P b Ad
as invertible maps from b → b. Using this relation we can rewrite the operator Π(g) = Pg Ad
−1 in the form given in (3.26).
As a result the action transforms as
For invariance we then require that 
This equation relates the structure constants of b to those of g and furthermore takes exactly the same form as (3.18) if we identify
Hence with this choice in the limit → 0 we find that (3.27) is invariant under gauge transformations g → gh.
Relation to the η deformed model. With the identification (3.35) the action (3.27) becomes that of the η deformed symmetric space sigma model.
Let us give a brief overview of the η deformed principal chiral model [6, 7] . The principal chiral model for the group-valued field g ∈ G is defined by the action 
where R g = Ad 38) satisfy the equation
indicating Poisson-Lie symmetry, with the structure constants of the coduality group given by (3.18) up to an overall factor of η. For η = 0, corresponding to the undeformed model, and η = 0, corresponding to the deformed model, the Drinfel'd doubles are different, with the former a contraction of the latter. In the first case, the dual structure constants vanish, the dual group is abelian and the Drinfel'd double is the semi-abelian double. In the second case, it is possible to rescale the dual generators to remove the dependence on η in the structure constants, and
show that the Drinfel'd double is indeed the complexification D ≡ G C .
This deformation can be extended to coset spaces [8] . The action of the η deformed symmetric space sigma model is given by
where P is the projector onto p as defined in the decomposition (3.19) . Up to an overall factor of η, this action has precisely the same form as (3.27) provided that
which reduces to (3.35) for g equal to the identity. Therefore, we have the relation 
for the spaces g 0 ,g 0 , m andm respectively. It is important to note that we have set cī = 0. This is so that g 0 indeed forms a subalgebra of g as required.
Let us now check the commutation relations (2.15). We begin by observing that in this setup g 0 also forms a subalgebra by construction. It transpires that the only non-trivial relation that needs to be considered is
where we have used relation (3.7) in the last equality. This is the commutator of an element of g 0 with an element ofm that gives an element ofg 0 . Therefore, for consistency with (2.15), we require that the right-hand side vanishes. Indeed this is the case since cī = 0 implies (c −t )î = 0.
This in turn implies that
Finally, for the commutation relations of (2.15) to be realised, it is then sufficient to observe that 46) are relations that are true by definition for a subalgebra associated to a sub-Dynkin diagram.
The relation (2.16) then follows from those in (2.15) by the ad-invariance of the inner product, which implies thatk = g 0 +m forms an algebra.
It is also possible to include, in the Lie group with respect to which we dualise, additional U 1 factors built from the remaining Cartan generators. To be precise, any subset of the generators {icî j h j } can be moved from the set {T α } to {T a } in (3.43), while at the same time we move the corresponding elements of {bî j h j } from {T α } to {T a }. As these are Cartan generators it follows that g 0 andg 0 will still form algebras. Furthermore, as the Cartan generators are external in the Lie algebram, as seen from the first relation of (3.46), and commute amongst themselves, m will still satisfy [m,m] ⊂m. The same relation also implies that the other condition of (2.15),
[g 0 ,m] ⊂m, also remains true. As we will see including such additional factors corresponds to taking the abelian dual.
Finally, we note two dualities and the corresponding choices ofk that are of particular interest in the context of the η deformed model. The first is the Poisson-Lie dual with respect to G, which refer to as the λ * deformation. In this case the Lie algebra whose degrees of freedom we integrate out isk = g 0 = g, which is unimodular, that is f ab b = 0, as g is a simple Lie algebra. As discussed in sec. 1, this model is conjectured to be an analytic continuation of the corresponding λ deformation of the symmetric space sigma model.
The second is the Poisson-Lie dual with respect to U 1 rank G , which we refer to as the complete abelian dual. In this casek is generated by
As we are considering real Lie algebras, the factor of the imaginary unit in front of the Cartan generators implies that this is also a unimodular algebra. In contrast, the Borel subalgebra (3.6) will in general not be unimodular.
The example of S 2
The first example we consider is the η deformation of S 2 and its Poisson-Lie duals. The isometry algebra of S 2 is so 3 ∼ = su 2 . From the analysis in sec. 3.1 the Drinfel'd double associated to this η deformed model is sl 2 (C), the complexification of su 2 . The coduality algebra, generated by the Cartan subalgebra and the positive roots, is b 2 .
SU 2 and B 2 embeddings in SL 2 (C). We consider the 2 × 2 matrix realisation of sl 2 (C).
Employing the basis of Mat(2; C)
we introduce the Cartan-Weyl basis
with Cartan generator h, positive root e and negative root f . Together they satisfy the defining
Let us now take the explicit basis for the Lie algebra su 2
and for
The ad-invariant inner product on the double
is normalised and maximally isotropic with respect to both su 2 and b 2
Finally let us note that the Killing form for the simple Lie algebra su 2 in this basis is orthogonal and we normalise such that
Starting from the model on the double (2.20) with l ∈ SL 2 (C) we integrate out the degrees of freedom corresponding to different three-dimensional subalgebras to construct various PoissonLie dual sigma models. In this example we shall consider three cases:
(i) integrating the degrees of freedom corresponding to b 2 , generated by
(ii) integrating the degrees of freedom corresponding to su 2 , generated by {T 1 , T 2 , T 3 }, (iii) integrating the degrees of freedom corresponding to the algebra generated by {T 1 ,T 2 ,T 3 }.
We can use the inner product (3.54) to identify the duals of these algebras as certain subspaces of the Drinfel'd double sl 2 (C): for (i) the dual space is spanned by {T 1 , T 2 , T 3 }, for (ii) it is spanned by {T 1 ,T 2 ,T 3 }, while for (iii) it is spanned by {T 1 , T 2 , T 3 }. For (i) and (ii) the dual spaces are subalgebras of sl 2 (C), however for (iii) this is not the case. It is also worth noting that, in agreement with the discussion in sec. 3.1, the trace of the structure constants vanishes for (ii) and (iii) (corresponding to the λ * deformation and complete abelian dual respectively) and hence the algebras are unimodular. This is in contrast to (i) (corresponding to the η deformation), for which the algebra is not unimodular.
Let us consider each of these cases for the η deformation of S 2 . This model is a deformation of the symmetric space sigma model for the coset
Here we will follow [33, 28] and identify the generator of the U 1 gauge group with T 1 . The backgrounds for cases (i) and (ii) were constructed in [33, 28] for a matrix E 0 depending on two parameters. In [12] it was shown that in the special case
in the → 0 limit, these backgrounds correspond to those of the η and λ * deformations respectively. This matches the form of E 0 in the action (3.27) with B 0 defined in (3.35). We will first briefly review these results before turning to case (iii).
Case (i). As described in sec. 3.1, to construct the η deformation of S 2 , we start from the model on the double (2.20) and decompose the group-valued field l ∈ SL 2 (C) as
We can then integrate out the degrees of freedomg corresponding to case (i) above. Using the H gauge freedom, g → gh, to gauge-fix
we find the sigma model action for the following metric and B-field 3
This is indeed the η deformation of S 2 [9, 26] . Note that the B-field is a total derivative and hence can be set to zero by a gauge transformation. The overall factor of η comes from our definition of the Poisson-Lie symmetric model (3.27) and hence also appears in the same way in the dual models. Even though we have explicitly included this factor, we always think of it as being absorbed into an overall coupling constant. In particular, we ignore it when taking the limit η → 0.
3 The B-field is defined with its normalisation factor, that is to say B = 1 2
Case (ii). To construct the Poisson-Lie dual model corresponding to case (ii), that is the λ * deformation, we instead parametrise the group-valued field l ∈ SL 2 (C) as
Integrating out the degrees of freedom g and using the H gauge freedom,g → h −1g h, to gauge-
we find the metric and B-field corresponding to the λ * deformed model for S 2
We also recall the field redefinition introduced in [12] 
for which the background takes the following particularly simple form
The undeformed limit, that is η → 0, can be taken by first rescaling ζ → ηζ and ρ → ηρ in (3.63) (or equivalently p → 1 + η 2 p and q → ηq in (3.65)). The resulting background is, as expected, the non-abelian dual with respect to SU 2 of S 2 .
Case (iii). As a simple example of the setup described in sec. 2.2 we consider case (iii), that is the Poisson-Lie dual with respect to G 0 ∼ = U 1 generated by T 1 . We write the field k ∈ SL 2 (C) of the action (2.30) as
whereG 0 andM are generated by {T 1 } and {T 2 ,T 3 } respectively. The left-actingK gauge freedom, generated by {T 1 ,T 2 ,T 3 }, can then be used to partially gauge-fix
Using the remainingK and the right-acting H gauge freedoms to gauge-fix
the background of the dual model is given by
where the fieldφ is actually associated to a non-compact direction in the Drinfel'd double. After rescalingφ → ηφ, this background is precisely the abelian dual of (3.60). The same rescaling also allows us to take the undeformed limit. Note that redefiningφ → ηφ + 1 4 log(1 + η 2 r 2 ) diagonalises the metric of (3.69) and the duality with (3.60) becomes manifest, now up to a total derivative in the B-field.
Starting from the λ deformation of various low-dimensional spheres, the complete abelian dual of the corresponding η deformation can be recovered via a combination of limits and analytic continuations [12] . Motivated by this we investigate a related limit of the λ * deformation that gives the abelian dual of the η deformation of S 2 . Considering the metric and B-field of the former given in (3.65), we redefine
which gives the background
This is equivalent to working with the action (2.30) and using the left-actingK and right-acting U 1 gauge symmetries to gauge-fix
Here we emphasise that we are considering case (ii), and hence, in contrast to case (iii), the Lie algebra whose degrees of freedom are integrated out isk = su 2 . However, crucially in both cases we can use the (different) gauge symmetries to achieve the same parametrisation of k ∈ SL 2 (C).
Now sending eitherφ → −∞ orφ → ∞ (and subsequently redefiningφ → −φ) in (3.71) we indeed recover the background of the abelian dual (3.69). In order to explain this behaviour we focus onφ → −∞. In this limit the right action of e 2φT 1 on the algebras we integrate out in cases (ii) and (iii) coincides. That is
Consequently, there is no longer a distinction between the Poisson-Lie duals with respect to U 1 and SU 2 . and define the basis of Mat(4; C)
The example of S
The Cartan generators h j , j = 1, 2, 3, the positive simple roots e j and the negative simple roots f j given by
satisfy the defining relations Let us now consider the following explicit basis for the Lie algebra su 4
The coefficients c ij and b ij should obey relation (3.7). We also normalise the Killing form for the simple Lie algebra su 4 such that
As for the S 2 example, the ad-invariant inner product on the double
is normalised and maximally isotropic with respect to both su 4 and b 4
The η deformation of S 5 is a deformation of the symmetric space sigma model for the coset
and hence we need to specify the embedding of H = SO 5 in SU 4 . To this end we introduce the following basis of su 4
satisfying the standard commutation relations of so 6 ∼ = su 4 . In what follows we take h = so 5 = span{n st : s, t = 1, . . . , 5}, while the five remaining generators {n s6 : s = 1, . . . , 5} span p.
As discussed in sec. 3.1, the requirement of H gauge symmetry relates the antisymmetric operator B 0 to the structure constants of the dual algebra (3.33) . This is condition solved if B 0 and the R-matrix are related as in (3.35) . It is interesting to note that, if it is possible to choose a specific orientation of the R-matrix with respect to the H gauge group such that it maps p to h, then the contribution of B 0 in the action (3.27) drops out and Π(g) transforms covariantly
under H gauge transformations.
Dualisation with respect to subgroups G 0 . The Lie algebra su 4 has a much richer subalgebra structure than the Lie algebra su 2 considered in sec. 3.2. Therefore, many more dual models can be constructed. However, the commutation relations (2.15) impose constraints on the subgroups with respect to which we may Poisson-Lie dualise. In sec. 3.1 we proved that it is possible to Poisson-Lie dualise in subgroups associated to sub-Dynkin diagrams. Considering SU 2 ⊂ SU 4
as an example, this leads to the following three choices: su 2 = span{ i 2 h j , i(e j + f j ), −(e j − f j )} with j = 1, 2 or 3. For j = 1, 3, the embedding of the SO 5 gauge group in SU 4 is such that G 0 ⊂ H, while for j = 2 this is not the case. Here we shall present various explicit results for G 0 = {1, U 1 , SU 2 } and conclude with a more general discussion of higher-dimensional subgroups.
To be precise, we will explore the following cases:
(i) integrating the degrees of freedom corresponding to b 4 , generated by {T A : A = 1, . . . , 15},
(ii) integrating the degrees of freedom corresponding to the algebra generated by {T 1 ,T A : A = 2, . . . , 15} with T 1 = ih 1 , (iii) integrating the degrees of freedom corresponding to the algebra generated by {T 1,2,3 ,T A :
(iv) integrating the degrees of freedom corresponding to the algebra generated by {T 6,7,8 ,T A :
The backgrounds of the different models are computed using the action (2.30) with G −1 0 = P , defined in (3.21) and (3.22) , and
The various models differ in the choice of the Lie algebrak that is integrated out. Of course, this implies that the field k ∈K\D appearing in the action takes values in different spaces, and a convenient parametrisation has to be found in each case separately. This is done by starting with the group-valued field k ∈ SL 4 (C) using the gauge symmetry Case (i). The first case, in which the dual algebra b 4 generated by {T A : A = 1, . . . , 15} is integrated out, yields the original η deformed model. We set the constants c ij and b ij such that 
fixing the remaining 10. The corresponding metric and B-field are
which is indeed the η deformation of S 5 [9] . The parametrisation has been chosen in such a way that the three U 1 isometries correspond to shifts in the angles φ, φ 1 and φ 2 . This form of the background will be useful for comparing to the Poisson-Lie dual models that we consider, however it is worth noting that the reparametrisation
simplifies the metric and B-field.
Case (ii). We begin our investigation with the dualisation in the abelian subgroup G 0 ∼ = U 1 generated by T 1 . In this case the commutation relations (2.15) are automatically satisfied, independent of the choice of c ij and b ij . We will use the same basis (3.86) as in case (i) and hence the subgroup with respect to which we dualise lies completely within the gauge group.
Starting from the model on the double we integrate out the degrees of freedom corresponding to the algebra generated by {T 1 ,T A : A = 2, . . . , 15}. The parametrisation
gives rise to the background we are required to set c 12 = c 13 = 0. In fact, we will use the same basis (3.86) as for cases (i) and (ii). Again the subgroup with respect to which we dualise lies completely within the gauge group.
We start by constructing a suitable parametrisation for the field k ∈K\D appearing in the action (2.30). The group-valued field k ∈ SL 4 (C) can be written as
whereG 0 andM are generated by {T 1,2,3 } and {T A : A = 4, . . . , 15} respectively. We can then partially gauge-fix by takingk = g 0m −1 in the gauge transformation (3.85). The resulting expression for k is
where g 0 ,ḡ 0 and h are understood as gauge degrees of freedom. Using an explicit 2 × 2 matrix representation for G 0 = SU 2 andG 0 = B 2 , one can show there exists aḡ 0 ∈ SU 2 such that g 0g0ḡ
0 ∈ B 2 . Furthermore, for su 2 = span{T 1 , T 2 , T 3 } we can choose g 0 andḡ 0 such that
From now on we will take g 0 such that this relation is satisfied. This however only partially fixes the degrees of freedom of g 0 , with the remaining freedom given by g 0 → exp[ξ T 1 ]g 0 and The metric and B-field are
While shifts in φ and φ 2 remain isometries, shifts inφ 1 no longer leave the background invariant.
Let us now consider two interesting limits of this background. First, sending eitherφ 1 → −∞ orφ 1 → ∞ (and subsequently redefining x → √ 1 − x 2 andφ 1 → −φ 1 ) we recover the abelian dual (3.90). This behaviour is explained by a similar logic to that used in the S 2 example in sec. 3.2. In the limitφ 1 → −∞, the right action of eφ 1T1 /2 onk coincides for cases (ii) and (iii).
Explicitly we have
Therefore, there is again no longer any distinction between the Poisson-Lie duals with respect to U 1 and SU 2 .
Second, after appropriately rescalingφ 1 → ηφ 1 , we can take the undeformed limit. As expected, the resulting background
is the non-abelian dual with respect to SU 2 of S 5 .
Case (iv). The last case we investigate in detail corresponds to the dualisation in the nonabelian group SU 2 generated by su 2 = span{T 6 , T 7 , T 8 }. In order to satisfy the commutation relation (2.15) we need to take c 21 = c 23 = 0. Therefore we set the constants c ij and b ij such that
(3.100)
One important difference with respect to case (ii) and (iii) regarding the technical computation is that the subgroup with respect to which we dualise does not lie completely inside the gauge group. In order to find an appropriate parametrisation of k ∈ SL 4 (C) we proceed in the same spirit as in case (iii) and choose to work with
The resulting metric and B-field have a complicated structure. Their expressions are not particularly enlightening and we refer the interested reader to app. B for the details.
Rather let us briefly comment on the analogous limits to those discussed above in case (iii).
Shiftingφ 3 by a constant is not an isometry of the Poisson-Lie dual background (B.8). However, it becomes a symmetry if we send eitherφ 3 → −∞ orφ 3 → ∞. In both these limits we recover (up to a total derivative for the latter) the background of the associated abelian dual (B.7). Note that to see this forφ 3 → ∞ we also need to subsequently redefine x → √ 1 − x 2 andφ 3 → −φ 3 .
In the undeformed limit, after an appropriate rescaling of the dual fieldφ 3 , we again find the non-abelian dual with respect to SU 2 (3.99). While the two non-abelian duals recovered in the undeformed limits are the same for cases (iii) and (iv), this is not true for the two Poisson-Lie duals. In particular, the integrated degrees of freedom are associated to algebras that are not isomorphic: the algebra in case (iv) has two one-dimensional ideals, while the algebra in case (iii) does not.
Higher-dimensional subgroups. To conclude this section let us briefly summarise the subgroups of SU 4 with respect to which we can Poisson-Lie dualise the η deformed S 5 symmetric space sigma model. As discussed in sec. 3.1 these subgroups are classified by sub-Dynkin diagrams. For SU 4 the possible choices are:
• SU 2 type 1, generated by {ih j , i(e j + f j ), −(e j − f j )} where j = 1 or j = 3.
• SU 2 type 2, generated by {ih j , i(e j + f j ), −(e j − f j )} where j = 2.
• SU 2 × SU 2 , generated by {ih j , i(e j + f j ), −(e j − f j )} where j = 1, 3.
• SU 3 , generated by {ih j , i(e j + f j ), −(e j − f j )} where j = 1, 2 or j = 2, 3.
• SU 4 , generated by {ih j , i(e j + f j ), −(e j − f j )} where j = 1, 2, 3.
For SU(2) type 1 and SU(3) we have two different options. In these cases the Lie algebra whose degrees of freedom we integrate out, that isk, are isomorphic and accordingly we expect the dual models to be the same.
It is only for the final case, which corresponds to the λ * deformation, that the algebrak is unimodular. However, let us recall that we can include additional U 1 factors, whose number is limited only by the fact that the total rank of the Lie group with respect to which we dualise should be less than or equal to that of SU 4 . These factors can always be chosen such thatk becomes unimodular.
Concluding remarks
In Additional U 1 factors built from the remaining Cartan generators can also be included, and correspond to abelian dualities. It would be interesting to investigate if there are further possible dualities, based on non-semisimple groups, when the Lie group G is taken to be non-compact.
This would be relevant, for example, for the η deformation of AdS space.
In the undeformed limit the Poisson-Lie duals of the η deformation reduce to the corresponding non-abelian duals of the symmetric space sigma model. However, the restrictions outlined above suggest that not all non-abelian duals can be deformed. Therefore the deformation restricts the space of allowed dualities. On the other hand two non-abelian duals that are isomorphic before the deformation may no longer be so afterwards.
Applying this formalism to the specific cases of the η deformations of S 2 and S 5 we have demonstrated these properties on a number of different examples.
Curiously there is an alternative relation between the η and λ deformations [12] . Analytically continuing the latter and taking certain infinite limits one recovers the complete abelian dual of the former. For the examples of S 2 and S 5 we have seen hints of the algebraic structure underlying the existence of these limits. Starting from the Poisson-Lie dual with respect to an SU 2 subgroup and taking an infinite limit in the field associated to its Cartan generator we recover the abelian dual of the η deformation. This should be interpreted as a certain contraction limit on the Lie algebra whose degrees of freedom are integrated out. Understanding the interplay between the algebraic and geometric limits in detail may provide greater insight into the relationships between these models.
It may also prove interesting to explore the η → ∞ limit of the Poisson-Lie duals. Various ways of taking this limit in the η deformed model have been studied [8, 26, 39, 40, 16] , with the limit of [39] having the particular algebraic interpretation as a contraction of the q deformed algebra [40] .
Our initial motivation for exploring the space of Poisson-Lie duals was to gain a better understanding of the Weyl anomaly of the η deformation of the AdS 5 × S 5 superstring. The preservation of Weyl invariance under non-abelian duality [41] and Poisson-Lie duality [37, 38, 42] has been discussed extensively in the literature. In such expositions a Weyl anomaly is typically associated to integrating out the degrees of freedom corresponding to a non-unimodular algebra, that is whose structure constants satisfy f ab b = 0.
While the models discussed in this paper are not conformal, it is interesting to note that, starting from the model on the Drinfel'd double, the η deformation is associated to integrating out a non-unimodular algebra (the Borel subalgebra b), while its complete abelian dual and the λ * deformation are associated to integrating out unimodular algebras (an alternative real form of the Borel subalgebra and the simple Lie algebra g respectively). Lifting this to the AdS 5 × S 5 superstring may provide an explanation of why the η deformation does not define a supergravity
background, yet its complete abelian dual and the λ, or λ * , deformation do [11-13, 21, 17] . 4 Indeed, we have checked that the aforementioned unimodularity properties also hold for the isometry algebra of the AdS 2 × S 2 superstring, psu 1,1|2 , as well as for the dual Borel subalgebra of the Drinfel'd double psl 2|2 (C).
There are number of open questions that would need to be addressed to formalise this proposal. In this paper we have assumed that the η and λ * deformations are Poisson-Lie dual, a claim that remains to be proven for the deformed symmetric space and superstring sigma models.
Furthermore, it would be necessary to understand the model on the Drinfel'd double in the path integral formalism together with its quantum properties, crucially including conformal invariance. There has been a substantial amount of work already in this direction [43, 37, 38, 42, 44] , however, a systematic approach that could be applied to the AdS 5 × S 5 superstring remains lacking.
Were the Weyl anomaly to be understood in this way, it would identify those Poisson-Lie duals of the η deformed AdS 5 × S 5 superstring that define string theories and those that do In fact there already exist candidate supergravity backgrounds for this model and its integrable cousins [45] .
Finally, tracking the fate of the conserved charges, q deformed symmetry and classical integrability under Poisson-Lie duality would open the door to solving these string theories.
Note added. After this paper was posted to arXiv, the interesting article [46] appeared. In this paper the author demonstrates classical integrability, via the construction of a Lax pair, for a class of Poisson-Lie symmetric models. This class includes the Poisson-Lie duals of the η deformation considered in this paper, thereby confirming their classical integrability.
A Gauge invariance of the η deformed model
In this appendix we show that if the components of the operator B 0 satisfy (3.33) then the gauge invariance condition (3.32) is fulfilled. In the following derivations we recall that the operator B 0 maps b → g while P maps g → b. We are therefore able to make the replacements B 0 → P g B 0 P b , B 0 → B 0 P b , B 0 → P g B 0 , P → P b P P g , P → P P g , P → P b P ,
where it is useful to do so. The reverse replacement can be made in the final case of each line, while for the first two cases it can be made if the operator is already acting on an object taking values in the relevant space. Similarly one may make the replacements ad n θ P g → P g ad n θ P g , θ ∈ g ,
along with the reverse replacements.
We start by recalling the definition of Π(g) (3.26) and expanding (3.32)
P Ad h P g (B 0 + Ad Let us analyse the condition (A.3). In the second term on the left-hand side we insert the identity operator P g + P b between the Ad g and Ad h operators. The term arising from the P g insertion now contains the combination P b Ad g P g , which is the zero operator. Using (3.14) to replace P b Ad h P b Ad We now observe that the operator (Ad h P g Ad −1
h −P g ) is the zero operator when acting on g as h ∈ H ⊂ G. Therefore we are free to insert P b after this operator in (A.4). Again using (3.14) to replace P b Ad g P b Ad −1 g with P b the dependence on g drops out and we are left with
where we have also used that P g P b = 0.
It is still the case that each term in (A.5) is an operator that maps from g to b. Therefore we act on (A.5) with the operator P b Ad This relation is trivially satisfied for n = 0. Assuming that (A.7) is true for n = 1 and n = k − 1,
for n = k we have P ad k ξ P g B 0 P b P = P ad ξ ad k−1 ξ P g B 0 P b P = P b ad ξ P P g B 0 P b ad k−1 ξ P + P b ad ξ P P g ad k−1 ξ P b P = P P g B 0 P b ad ξ P ad k−1 ξ +P P g ad ξ P b P ad k−1 ξ +P ad ξ P g ad k−1 ξ P b P = P P g B 0 P b ad k ξ P + P P g ad ξ (P b + P g ) ad k−1 ξ
where we have used the identity (3.30). It then follows that (A.7) is true for n = k. Therefore if we find a solution to (A.7) for n = 1 by induction this will also be a solution for all n.
The final step is to find a solution to (A.7) for n = 1. Let us take ξ = Uc and act with both sides of (A.7) with n = 1 on Uᾱ. Doing so we find 
B List of parametrisations and backgrounds
In this appendix we present the metrics and B-fields for case (iv) of sec. 3.3. Recalling that the relevant basis for the Cartan generators, T 1,6,11 andT 1,6,11 , is given in (3.100), we use the parametrisation g = e φ 3 T 6 +φ 1 (T 1 −T 6 )/2+φ 2 T 11 e arccos x T 15 e arccos r (T 10 −T 5 )/2 , (B.1)
for the S 5 background and its η deformation, while for the various dual models we take k = eφ With these parametrisations we find the following metrics and B-fields:
• S 5 background:
• η deformation of S 5 : 
(B.7)
• Poisson-Lie dual in {ih 2 , i(e 2 + f 2 ), −(e 2 − f 2 )}:
N dφ 
(B.8)
